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3. Bar Elements

Length, L
J > Load, P

—>

Young’s modulus, E
Cross-sectional area, A

« We have already considered the problem of a bar under
extension/compression in section 2.

- However, we do not wish to be formulating the total energy each
time (especially for systems with many DOF) and hence wish to
construct the FEM for general bar elements within a formal
mathematical framework.

* This framework will also help us later on when we wish to

L develop other types of element, e.g beam, solid, shell. UNIVERSITY OF

LEICESTER
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3a. General Bar Element

Length, L
< J > Load, P

Bar element
Element Uy

— / s
o———©

Linear shape function

| u@ = (1-7) +2e (7) e
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3a. General Bar Element

Local variable, &

u(§) = u (1 =¢) +ué

= u(é) =n.d¢

]

=" 7 ] @ = [

Elemental shape Elemental DOF
L function matrix matrix LEICESTER
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3a. General Bar Element

X dx _
¢ = Z dé = T — dx = Ld¢
E=0 ¢=1
u(@) =u (1 =) +uzé
u(§) =n®'.d°
Where ;
e _ 1- e _[U
=" ;| @ = [,
Clheeh u@=nT.d* =[-8,
= u(§) = [(1 = Huy + Suy] LEICESTER
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3a. General Bar Element

Strain-displacement matrix

du 1du Iy = Ld
T Ux  Lde as dx = Ld§
ldu 1 d(neT. de) 1 dn_ T
f=—— = .d¢ =bpe".d¢
Ldf L df L dé
Where
T
pel = 1dn®_ 1-— f] 1]
L d& e df Le

=[]/

Elemental strain-displacement matrix |
L (L¢ = L is the length of element ¢) LEICESTER
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3a. General Bar Element

Check

UNIVERSITY OF
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3a. General Bar Element

Elastic strain energy of an element

UzlEA rLez dx
2 ),
1
U=1EAL r e2dé || Eq1
Where 2 Jo

€ =[ex] = b°".d°
T

e =] = n?

T T
e2=el. e, =d°® .b% b° .d°

Substitute €2 in Eq 1

1 1
U= EALJ de’.be.E.be’.ded¢
0
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3a. General Bar Element

Elastic strain energy of an element

1 1
U=AL j de’.pe.E.be’.ded¢
0

1 1
U=-.d°" f {b®.EAL.b¢" d¢}.d®
0

2

1
U= E.deT[ke].de

UNIVERSITY OF
L LEICESTER

Bar Elements 9




3a. General Bar Element

Elastic strain energy of an element

o =lox] =E.€
ol =d° .be.E

oT.e =d¢ .pe.E. beT . qde

2— —_—
Where
1
[k€]1= | be.E.b¢" dv = EAL | b°.be d¢ || Eq2
LN Ve 0
L Elemental stiffness matrix IEICESTER
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3a. General Bar Element

Check

1— 1
So
1r— 1
pe.b¢" =[] 711
1 _
e neT _ 1 1
b—'b—_LZ —1 1]

Substitute b°. ﬂin Eq?2

L

Ve

0
1 _ 1 EAr1 —
- EALL_2[_11 11]% - T[_ll 11]

1
[k€]= | be.E.b¢" dv = EAL | b®.be' d¢
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3a. General Bar Element

Total strain energy

Elemental strain energy

U® ==d° . [k°].d°
1 EA[ 1 —11[%

R R o |
1EA ,
= ST Ul — UpUq — UqUy + US)

1EA .

= ET(UZ — Uq)

L o e
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3a. General Bar Element

Total strain energy

Elemental strain energy

Total strain energy

U = Z U°
all elements e
1
=-d’.[K].d
27—
~ N\
The global stiffness matrix [K]is  The global DOF matrix d contains

the assembly of the elemental all the DOF across all elemental
stiffness matrices [k¢]. DOF d°. EICESTER
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3a. General Bar Element

Finite Element Method

Potential energy of the applied loads

— AT
O=-d.f _
N
The global force matrix f contains all
Total energy the forces acting of the respective DOF
M=_dr [Kl.d —d".f
2 — = — L \

Minimise the total energy with respect to the A quadratic function of d
DOF to find the unknowns d.

S=lkld-f=0 | = [Kld=rf |
L Jd - = s
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3a. FEM Summary

Finite Element Method

To find the N degrees of freedom d solve the N simultaneous

linear equations defined by

[K].d

=7

Where
|K] is the assembly of the [k®]
f are the forces acting on each DOF

Elemental Matrices

Defined by assumed displacement field.

in 1D u(x) = n°’.d¢
el

pel _ 1dn®

— L d¢

L [k¢]= | be.E.pe" dv
Ve

<«—— All FEM problems can

be written in this form.

For a linear bar element

ne — 'f]
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